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ABSTRACT 


■--*  An  approximate  theory  is  developed  for  estimatiag^tlie  additional  stresses 
caused  by  an  initial  tilt  of  a  T-shaped  stiffening  ring  located  either  inside  or  out¬ 
side  of  a  cylinder  under  uniform  pressure  and  the  buckling  load  for  an  ideal  ring, 
without  restriction  to  axisymmetric  symmetry.  In  practical  cases  the  results 
appear  not  to  differ  markedly  from  those  of  the  axisymmetric  case,  which  was 
treated  »  David . TaytorMratet  BMlrWTpwntiTSh  j  r  *'v,  o « t  K  <  A  It  ~/>  V  4 /-).  ^ 

INTRODUCTION 

Although,  in  designing  the  stiffening  rings  for  submarine  hulls,  major  attention  is 
usually  given  to  the  strength  of  the  ring  in  its  own  plane,  there  is  also  a  possibility  that  a  ring 
may  trip,  that  is,  it  may  buckle  or  deform  laterally.  If  such  deformations  become  large,  the 
support  furnished  by  the  ring  to  the  cylindrical  hull  may  be  seriously  impaired.  In  present  de¬ 
sign,  precautions  against  tripping  are  taken,  in  effect,  by  treating  t!.e  rings  as  if  they  were 
straight  stiffeners  on  a  panel  loaded  in  compression  ami  there  is  little  evidence  that,  this 
method  results  in  designs  that  are  inadequate.  Nevertheless,  a  specific  analysis  of  the  effect 
of  ring  curvature  was  considered  worthwhile. 

The  case  of  axisymmetric  tripping,  which  is  vastly  simpler  than  the  general  case,  was 
treated  in  a  separate  report. 1  Axisymmetric  tripping,  however,  can  occur  only  in  the  case  of 
an  inside  ring.  The  present  report  records  an  approximate  treatment  of  tripping  with  the  forma¬ 
tion  of  circumferential  waves.  The  results  obtained  suggest  that  inside  stiffening  rings  us  now 
designed  are  probably  at  least  not  much  weaker  toward  lateral  deflection  in  waves  than  they 
are  toward  axisymmetric  lateral  deformation. 

In  the  case  of  beams,  the  ideal  case  of  the  buckling  of  it  perfectly  uniform  and  straight 
beam  is  of  great,  practical  interest.  The  critical  load  for  lateral  buckling  of  a  stiffening  ring 
of  current  proportions,  on  the  other  hand,  is  so  high  as  to  have  little  (radical  significance. 
Nevertheless,  a  certain  interest  may  attach  to  the  ideal  case  of  the  buckling  of  a  jierfecl  ring 
because  of  the  light  thus  thrown  on  the  elastic  phenomena  in  stiffening  rings. 

In  the  itxiiiynmetxic  case,  buckling  results  from  column  buckling  of  the  web  caused  by 
radial  compressive  force,  which  can  occur  only  in  an  inside  ring.  When  the  buckling  deforma¬ 
tion  is  not  symmetrical  around  the  ring  axis,  the  circumferential  thrust  also  promotes  buckling, 
whether  the  ring  is  inside  or  outside  of  the  cylinler.  If  the  flange  were  absent,  the  web  alone 
would  buckle  in  squarish  waves  under  a  radial  load  much  smaller  that  that  required  for  axi¬ 
symmetric  buckling.  The  flange  by  itself,  on  the  other  hand,  is  relatively  weak  and  favors  few 
waves.  The  stiffener  flange  on  an  SS 212  submarine,  for  example,  taken  by  itself  as  a  flat 
hoop,  would  buckle  in  four  waves  (n  «  2)  under  a  radial  load  of  less  than  6  Ib/in. 
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In  the  combined  system  of  web  and  flange  there  is  thus  a  competition  between  the  pre¬ 
ference  of  the  web  for  many  waves  and  that  of  the  Hangs  for  few.  There  occurs  aino  an  impor- 
tnnt  incompatibility  of  the  buckling  patterns  an  favored  by  the  web  and  the  Hangs,  and  this 
tends  to  make  the  buckling  load  higher  than  it  would  be  for  either  web  or  flange  alone. 


More  important  is  the  estimation  of  the  stresses  evoked  in  a  stiffening  ring  that  is  in, 
perfectly  shaped;  this  was  the  principal  topic  in  Reference  1.  The  treatment  is  extends  I  in 
the  present  report  to  a  simple  tilt  that  varies  around  the  ring. 


The  circle  of  attachment  of  the  web  of  the  ring  to  the  shell  will  be  assumed  to  remain 
circular  at  nil  times,  since  analysis  indicates  that  small  deformations  of  this  circle  in  its  own 
plane,  although  important  in  their  own  right,  would  have  no  first-order  effect  upon  the  phenom¬ 
enon  of  tripping.  Thus  tripping  of  the  ring  can  be  treated  independently  without  entering  upon 
the  general  subject  of  the  buckling  failure  of  stiffened  cylinders. 


THE  LOAD  ON  THE  RING 

The  problem  to  be  considered  is  that  of 
a  stiffening  ring  on  a  long  cylindrical  shell  sub¬ 
jected  to  external  pressure.  In  developing  the 
analysis,  the  ring  will  be  assumed  to  be  loca¬ 
ted  on  the  i niiitic  of  the  cylinder,  since  that  is 
the  most  unstable  location’  the  simple  changes 
required  to  adapt  the  formulas  to  outside  pngs 
w  ill  be  inlicated  at  appropriate  points.  Further- 


Figure  1  -  Dimensions  of  Internal 
T-Stiffener 


more,  the  ring  will  be  assumed  to  be  a  simple  T 
(Figure  1);  if  it  has  in  reality  a  faying  flange, 
this  will  be  treated  for  present  purposes  as  part 
of  the  cylindrical  shell. 


The  uniform  external  pressure  p  applied  to  the  shell,  by  way  of  elastic  reactions  evoked 
in  the  cylinder,  loads  the  ring  with  a  distributed  force  that  w  ill  be  denoted  by  LQ  pounds  .»r 
circumferential  inch.  The  magnitude  of  A0  can  be  calculated  in  terms  of  p  from  the  standard 
Equation  [881”  based  upon  the  theory  of  Von  sin  ml  on  and  Gunther  2li  with  appropriate  cor¬ 
rection  for  the  faying  flange  if  there  is  one.  In  the  calculation  as  usually  made,  the  subtended 
part  of  the  shell  is  included  along  with  the  ring  proper;  it  will  be  assumed  that  a  suitable 
correction  has  been  made  so  that  L0  re  pro  sente  only  the  radial  force  per  inch  act:ng  on  the  too 
of  the  web  of  the  stiffener.  Part  of  this  force  is  transmitted  through  the  web  to  the  flange;  let 
this  part  be  denoted  by  (1  -«)£„  pounds  per  inch.  Thus  the  load  carried  by  the  web  itself  is 

a£(,  pounds  per  inch.  L0  will  be  taken  as  a  positive  number  whether  the  force  is  tensile  or 
compressive. 

Considerations  of  equilibrium  show  that  the  radial  load  /.„  evokes  a  total  comprtmivt 
■t,htu$t  of  K',0  pounds  on  the  whole  cross  section  of  the  ring  and  tl.i  t  the  part  (1  -a)RfL0  of 


2 


" 111 . iimiii|,iNniiMi,n  Mimii.. 


MU,  I  | 


illi  Ji  illiiilinill  lull  Ill-nil1 


this  thrust  Is  in  the  flange,  R  being  the  radius  of  the  toe  of  the  web  and  Rj  the  radius  of  the 
circular  junction  of  web  and  flange.  If  the  simplifying  assumption  is  made  that  the  comjjrea* 
sive  stress  is  uniform  over  He  cross  section  of  the  ring,  the  ratio  of  the  total  ring  thrust  to 
the  flange  thrust  is  ♦  .4 .4,,  ,4(4,  and  A,  being  the  cross-sectional  areas  of  web  and 
flange,  respectively;  and,  if  the  difference  between  R  and  R ^  is  also  neglected,  this  ratio 
equals  1  (1  -«).  It  follows  that,  approximately,  for  either  inside  or  outside  rings, 


Aw  ►  Af 


(la,  b] 


Here  Aw  »  ct  in  terms  of  the  radial  depth  c  and  the  thickness  tu  of  the  web.  More  exact 
analysis  given  in  Appendix  A  replaces  Au  and  A,  in  Equations  [la,  b[  by  I '  and  I 
respectively,  where,  for  inside  rin^s 


lie,  d| 


where  v  denotes  Poisson’s  ratio.  For  outside  rings,  the  terms  containing  c-'R  have  the 
opposite  sign.  For  practical  purposes,  however.  Equations  [la,  b|  should  suffice. 

The  total  thrust  in  the  web  itself  is  then  Rf-a  -  II  -  at)  RfL0  and  division  by  r  gives 
A’j,  the  (mean)  thrust  |x«  radial  inch  in  the  web.  Ear  an  inside  ring,  R j  -  R  -  c;  for  an  outside 
ring,  Rj  -  R  +  c  and  R  should  denote  the  outer  radius  of  the  cylinder.  Hence,  if  also  Kf 
denotes  the  thrust  in  the  flange, 

R 

Kx  •a  —  L0  +  (1  -  a)L0  -  (1  -a)Rjl^  12a,  b) 

except  that  for  an  outside  ring  the  second  term  in  R  t  becomes  -  (1  -  a)  LQ.  This  latter  term 
may  usually  be  omitted,  however,  since  R/c  is  a  large  number;  the  difference  between  R  and 
It ,  is  also  commonly  ignored. 

A  certain  complication  arises  from  the  fact  that  the  local  radial  force  in  the  web,  de¬ 
noted  by  L  pounds  per  circumferential  inch,  decreases  progressive);  from  L0  at  the  shell  to 
(1  ~a)L0  at  the  flange.  Without  serious  error  this  variation  may  be  assumed  to  be  uniform 
over  the  depth  of  the  web;  then  we  can  write  for  rings  either  inside  or  outside, 

/-  -  t-  (1  -  •  -)  [31 

c 

where  i  denotes  numerical  distance  from  the  shell  (or  the  toe  of  the  web). 

The  web  will  t*  treated  as  clamped  at  its  junction  with  the  shell.  Actually,  bending 
of  the  web  will  bend  the  cylinder  as  well,  but  it  can  be  shown  that  the  effect  of  this  bending 
will  be  at  least  rather  small  provided  the  following  inequalities  hold: 
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Hctro  A  denotes  the  thickness  of  the  shell  end  tm  the  thickness  of  the  web;  see  Appendix  71. 

V  few  formulas  for  the  case  of  simple  support  of  the  web  at  the  cylinder  are  given  at  the  end 

of  Appendix  ('. 

The  stress  forces  thus  define  I  are  related  to  tripping  in  the  follow  ing  ways: 

1.  I  he  radial  force  L  in  the  web  in  tensile  in  an  outside  ring  and  so  has  a  stabilizing  in- 
iluence,  but  in  an  inside  ring  this  force  tends  to  buckle  the  web  in  a  radial  direction. 

“•  lh‘‘  ‘•■“•U'nferential  thrust  A',  in  the  web  promotes  buckling  of  the  web  (perpendicular 
to  the  rad ■  us )  in  circumferential  waves.  If  the  flange  is  either  absent  or  extreme l>  heavy,  the 
critical  thrust  for  such  buckling  of  the  web  alone  dtenaaea  as  the  number  of  waves  increases 
until  the  shape  of  the  waves  becomes  nearly  square. 

3.  The  thrust  Kf  in  the  flange  tends  to  buckle  the  flange  in  waves,  the  flange  both  bending 
in  crosswise  directions  and  rotating.  The  critical  radial  load  for  such  buckling  of  the  flange 
when  unsupported  by  the  web  is  least  for  buckling  in  two  waves  and  is  very  small. 

Ari$ymmetrie  buckling  can  result  only  from  Action  1.  In  this  type  of  buckling  the  flange 
[days  a  rather  passive  role,  resisting  turning  of  the  radial  tangent  of  the  web  at  its  junction 
With,  the  flange.  Uuckling  of  the  ring  in  */•*,.„  on  the  other  hand,  results  from  a  combination 
»f  the  actions  that  lend  in  extreme  rases  to  action  of  Type  2  or  Type  3.  Since,  however,  the 

■u«b  favors  buckling  in  many  wav . whereas  the  flange  prefers  only  /««,,  the  result  for  buckling 

ol  the  ring  as  a  whole  is  a  compromise,  with  an  intermediate  number  of  waves  and  a  critical 
loud  much  higher  than  the  minimum  load  for  buckling  of  either  web  or  flange  alone. 

There  is  also  still  another  possibility,  namely,  that  the  flange  atone  might  buckle  by 
radial  curling  of  its  cross  sections  without  deformation  of  its  circumferential  axis.  It  will  be 
assumed  that  premature  flange  buckling  of  this  sort  is  prevented  by  making  the  flange 
sufficiently  thick. 

Analysis  of  the  flange  itself  requires  only  the  theory  of  circular  rings.  With  high  fixity 
nl  the  cylinder,  however,  bending  of  the  web  must  necessarily  occur,  so  that  some  degree  of 
analysis  of  the  web  as  a  compressed  plate  cannot  be  avoided.  The  web  will  be  considered 
first. 


DEFORMATION  OF  WEB 

An  accurate  analysis  of  the  web  as  a  thin  plate  requires  the  use  of  polar  coordinates 
and  lends  to  very  complicated  formulas.  In  practical  cases,  however,  the  ratio  c  R  is  very 
sinal  I,  and,  for  this  reason,  the  n, nature  of  the  ring-shaped  web  has  little  effect  beyond 
giving  rise  l*oth  to  the  circumferential  thrust  A  ,  and  to  the  variation  with  a  of  the  radial  force 
L.  As  a  plausible  approximation,  therefore,  the  web  will  be  treated  here  as  if  it  were  a 
straight  strip  of  width  c  containing  the  perpendicular  stress  forces  L  and  A  .  It  may  be  im¬ 
agined,  if  desired,  that  radial  equilibrium  of  the  web  element  is  <  •  -rved  b«  the  application 

of  suitable  fictitious  distributed  load  forces,  these  replacing  v!„>  -t  for'e*  *;v»r  arise  in 
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Figure  2  -  Forces  snd  Momenta  Acting  in  Keb 


reality  from  K  in  combination  with  the  curvature. 

This  assumption  being  made,  the  necessary  analyse  follows  standard  linen,  as  given, 
f,„  u.  Sections  21  and  22  of  Reference  4.  The  details  are  lengthy  and  will  be  telega- 

led  to  Appendix  C,  only  the  skeleton  of  the  argument  being  treated 

Convenient  coordinates  are  r,  measured  radially  away  from  the  shell,  and  a  Wendicu- 
lur  rectangular  coordinate  «,  actually  equal  U»  circumferential  distance  along  the  shell  at  the 
toe  of  the  web;  see  Figure  2.  Let  the  web  have  an  initial  small  displacement  u„  -  «0(*.  •) 
and  acquire  an  additional  elastic  displacement  u  (*,  *).  both  measured  parallel  to  the  cylinder 
axis  from  a  transverse  reference  plane. 

Consider  a  cross  section  of  the  web  perpendicular  to  a.  On  Hi .  negative  *ide  of  this 

m»BS  section  there  act,  per  unit  length  of  a,  the  radial  stress  force  L,  called  positive  in  its 
actual  direction  under  load,  a  shear  force  Q ,,  perpendicular  to  the  reference  plane  and  |»>lU" 
in  the  same  direction  as  u,  a  handing  moment  and  a  twisting  moment  Both  moments 

are  taken  to  be  positive  when  they  tend  to  produce  rotation  from  positive  a  toward  positive  u. 
At  the  flange,  however,  or  a  -  c,  it  is  more  convenient  to  replace  Qt  and  «r,  together  in  the 
usual  way  by  a  single  shear  force  Q '  of  magnitude 

-i*. 


K— ) 


per  unit  length.  The  strains  are  thereby  modified  within  a  narrow  border  near  ,  -  c,  but  this 
local  effect  is  unimportant. 

Corresponding  circumferential  thrust,  shear  force,  and  momenta,  all  per  unit  length,  are 
denoted  by  A',,  Qt,  W, ,  and  <#,,• 
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In  \ppendix  C  (page  241  in  indicated  the  derivation  of  the  following  differential 
equation  for  v  and  the  following  expressions  for  Q'  and  V'or  M,  at  *  -  c,  for  tf0  at  tf  at 
3  »  0,  and  for  W'  or  Mt  at  *  -  e,  all  far  inside  ring*. 


X  m  € 


I)  is  given  by  y.  j 

I) - - -  (8| 

12(1  -  v2) 

where  K  is  Young’s  modulus,  «  is  Poisson’s  ratio,  and  t  is  web  thickness.  It  is  assumed 
that  /.  and  A  j  always  act  parallel  to  the  reference  plane  in  which  the  web  lies  initially;  thus 
they  are,  in  general,  not  quite  perpendicular  to  the  cross  sections.  In  Q'  \ nd  all  deriva¬ 
tives  are  to  be  given  their  values  nl  *  -  c. 

Equation  [4),  being  of  the  fourth  order,  requires  four  boundary  conditions.  Two  condi¬ 
tions  are  provided  at  the  shell  <x  t  ■  0,  where,  according  to  the  assumption  previously  stated, 
v  -  0  and  du/di i  -  0.  The  other  two  conditions  are  furnished  indirectly  by  the  connection  to 
the  flange  at  t  «  c. 

It  now  turns  out  that,  as  is  usual  in  such  problems,  if  all  quantities  are  expanded  in 
Fourier  series,  the  various  terms  satisfy  all  equations  separately;  it  suffices,  therefore,  to 
study  a  single  typical  term,  Proportionality  to  cos  (ns  N)  will  be  assumed,  n  being  an  integer 
or  rero,  Then  the  equations  become,  for  inside  rings: 
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For  out  tide  rings,  £  is  to  be  replaced  by  -  L  in  Equations  [4]  through  (12),  L  itself  standing 
always  for  a  positive  number. 

If  L  did  not  vary  with  t  and  if  «<0  were  of  polynomial  for  n  in  r,  Equation  [9]  would  bn* 
soluble  in  terms  of  trigonometric  or  hyperbolic  functions.  Even  so,  however,  complicated 
formulas  would  be  obtained.  In  any  given  case,  a  solution  could  easily  be  obtained  by  numer¬ 
ical  integration.  It  was  thought  worthwhile,  however,  to  look  for  approximate  formulas  that 
night  be  useful  at  least  for  sutvey  purposes  if  not  in  practical  application. 

For  this  purpose,  it  is  convenient  to  eliminate  certain  dimensions  by  writing,  for 
inside  rings: 
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it 
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!  Ha,  b,  c] 


For  out  tide  rings,  ii  is  convenient  to  keep  H  positive;  then  y  is  the  same,  as  i«  also  line 
formula  for  g,  but  by  definition 
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U2li2 
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Furthermore,  for  practical  use  it  will  probably  be  sufficient  to  consider  only  the  case  of 
a  simple  till  of  the  web  at  an  angle  d  which,  like  u,  is  proportional  to  cos  (tut/R).  In  this  case 
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kq «•  tii  -  9Q»  cos  (n*  N)  [15] 

90  being  a  constant.  (The  case,  u0 . ♦  >»0 cos  las  '10  in  only  moderately  more 

complicated.)  Then 
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With  these  substitutions  and  the  introduction  of  L  -  LQ(  1  -  ay)  from  (3J  nnd  the 
approx i mile  value  ft  «  afiL0/v  from  [2aj,  Equations  [9]  through  [12)  cun  be  written  as 
follows,  for  in  Hide  rings: 
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,»y4  dy2  dy  V  dy  i  D 
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A  series  solution  of  liquation  [181  may  now  be  sought.  The  series  must  begin  with  yJ 
to  make  u  -  du .  Ay  «  0  at  y  -  1.  The  following  series  may  be  sufficiently  extensive  for 
practical  purposes: 
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Hero  the  constants  /I  and  B  represent  the  remaining  two  integration  constants.  By  substitution 
it  can  iw  verified  that  the  differential  Equation  |16)  is  satisfied  through  Ay*,  By4,  and  t0y*, 
■and  also  that  the  terms  shown  would  not  be  altered  if  the  series  were  extended  to  higher  powers 
of  y. 

The  relation  between  web  and  flange  is  more  easily  represented,  however,  if  /I  and  B 
are  replaced  as  unknown  quantities  by  the  values  of  u  and  dtt/dy  at  y  •  1.  This  is  easily  done 
by  differentiating  Equation  (20 J  three  times  and  eliminating  A  and  B  from  the  four  equations 
thus  obtained;  the  result  is  two  equations  expressing  d*v,'dy7  and  S*u/dy*  in  terms  of  V  and 
du/dy,  all  at  i  -  c.  Further  explanation  is  given  in  Appendix  C,  pages  24—28. 

The  final  formulas  obtained  by  substitution  for  d*v/dy2  and  d*u/dy*  in  Equations  117), 
[18],  and  [ill]  may  conveniently  be  written  in  the  following  form  (for  inside  rings): 
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terms  have  the  opposite  sign  in  these  equations.  Here  u' denotes 
wrens  <u  stands  for  the  value  of  du/dt  or  (l/c)du/3y  at  t  »  c.  The 
tnts  whoso  values  are 


0  3  13 

k..  «  12  -  —  e  +  —  « - g 

“  5  5  35 


e  11  ,  , 

it.,  »  d - g  m2£iJ 

12  10  210  J 


‘22 


4  _  _2  _« _ y 

~  15  *  *  10  ~  105 


124  J 


k 


21 


«  13 

To  "  "420  9 


k 


32 


i> 


+ 


«! 

30 


* 

00 


9 

14?) 


0 


1  J 

k  -  -  ( 1  -  JL  *  0.013  g  *  0.016  t1  -  0.025  «* 

2  420  10 


12 


“B-^-TTo-0-006'1’0-013*' 


♦  —  nd8\l  + 


a(i 


1200 


12 


♦  — )] 

330  /  J 

1  +  —  _  JL  +^.nJy3(i  *  0.01#  t  -  0.00#  « ) 
80  140  5  J 


These  formula*  art*  valid  for  either  inside  or  outside  rings,  but  different  formulas  for 
t  and  «  must  be  used  namely,  {14a,  b]  for  inside  and  (lid,  e ]  fc*  outside  rings.  (The  absence 
of  an  i  term  in  k{1  is  correct!  Corresponding  formulas  far  the  case  of  simple  support  are 
given,  in  part,  at  the  end  of  Appendix  C.) 

In  practical  cases,  however,  the  quantities  e,  *,  and  g  are  likely  to  be  small  enough  so 
that  many  terms  containing  them  can  be  omitted,  especially  from  kx,  ki ,  and  k (  or  perhaps  even 
from  all  k'n  except  The  principal  reason  for  computing  and  retaining  some  of  these  terms  in 
kv  and  *,  was  to  show  how  small  they  are.  If  t  -  •  - </«(),  the  first  six  k*n  take  on  the  simple 
values  that  are  obtained  for  a  cantilever  loaded  at  the  end  by  a  force  Q  'and  a  moment  ,M ' : 

*11  ”  12  *12  -«  *22  *  4  *.ll”fi  *32  mi 

The  factors  l)/cs,  etc,  that  occur  in  (211,  1 22a,  hi,  and  {‘231  constitute  stiffness 
coefficients  for  the  force  and  moment  that  must  be  applied  to  the  edge  of  the  web  at  i  -  c  to 
produce  assigned  values  of  u  and  <j  at  the  edge,  when  the  toe  is  fixed.  More  accurate  values 
of  these  constants  could  be  obtained  by  numerical  integration.  If,  however,  an  electronic 
computer  were  to  be  used  for  this  purpose,  it  would  probably  be  preferable  to  correct  the 
differential  equation  and  other  relations  slightly  by  using  polar  coordinates.  In  any  case, 
tabulation  or  plotting  would  be  complicated  by  the  fact  that  the  k’n  are  functions  of  four 
dimensionless  parameters,  which  may  be  listed  as  c2L0/D,  ft,  R,  and  m. 

Study  of  a  few  simple  and  easily  integrable  cases  indicates  that  the  expressions  given 
here  for  *u,  and  *;J2  should  be  correct  within  at  most  a  few  percent  for  |«|<5,  1 1|<5, 

|p|<10,  and,  of  course,  less  in  error  for  smaller  values. 


NOTE  ON  OUTSIDE  RINGS 


When  the  ring  is  outside  of  the  cylinder,  it  is  convenient  to  draw  $  away  from  the 
cylinder  as  before  and  therefore  now  outward  instead  of  inward.  Figures  shown  in  this  report 
may  be  adapted  in  thought  to  this  case  by  assuming  the  cylinder  axis  to  lie  above  the  figure 
instead  of  below  it  and  imagining  all  circumferential  curvatures  to  be  drawn  upward  instead 
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of  downward;  Figure  2b.  All  curvature  effects  are  reverend  in  sign.  Furthermore,  the 
radial  force  in  the  web  is  now  tensile  instead  of  con  press ive.  A  careful  check  shown  that  nil 
web  equations  written  in  this  report  for  inside  ruses  remain  true  for  outside  rings  provided  ft, 
ftp  L,  and  fi  are  replaced  in  them  by -ft,  -  ftp  -L,  -L„,  and  -fi,  respectively,  the  sym* 
bob  themsel.es  continuing  to  stand  for  positive  numbers.  Certain  cases  of  this  c lunge  have 
already  been  noted. 


DEFORMATION  OF  FLANGE 


An  initial  deformation  of  the  ring  usual ly 
included  an  initial  deformation  of  the  flange 
aa  well.  Let  the  center  of  cross  section  of  the 
flange  have  an  initial  small  displacement  u0' 
from  the  reference  circle,  «0‘  being  a  function 
of  distance  *  along  the  centroidal  circle  of  the 
flange.  (It  w  ill  be  noted  that  *  has  — 1 

slightly  different  meanings  for  the  flange 

^  '  w  V 

and  web,  but  this  difference  will  cause  no  1 

confusion  and  is  considered  negl  igible,)  The 
cross  section  may  also  be  rotated  slightly,  but 
such  an  initial  rotation,  like  small  defects  in 
shape,  has  little  effect  and  may  be  neglected. 

Under  load,  the  flange  cross  section  may  ac¬ 
quire  both  an  additional  elastic  deflection 

«'(»)  parallel  to  the  cylinder  axis  and  an  elastic  rotation  oils',  about  a  circumferential  axis, 
these  deflections  being  equal  to  those  denoted  by  the  same  symbols  in  the  web  theory;  see 
Figure  3. 


Figure  3  -  Free-Body  Diagram  for  a 
Section  of  Flange 

TW  diagram  it#  lor  an  insula  ring,  lor  an  oul- 
at.Je  ring,  lh«*  curvature  ia  upward  and  the 
d  I  fact  km  of  /.^  in  reversed. 


The  flange  is  a  circular  ring  loaded,  per  unit  of  its  length,  by  the  radial  force  (1  -a)L 
and  also  by  reactions  to  the  other  forces  act  ing  on  the  web,  that  is,  by  a  force  -  Q  ’  positive 
in  the  same  direction  as  it* and  a  moment  ,W  ’  positive  when  tending  to  increase  a>.  (In  Figure 
3  positive  directions  for  -Q '  and  -tf'are  indicated.) 

On  any  flange  cross  section  perpendicular  to  a  there  act,  besides  the  circumferential 
thrust  Kj  evoked  by  the  radial  load,  a  shear  force  (J,  taken  positive  in  the  same  direction  as 
u\  a  bending  moment  tending  when  positive  to  increase  the  slope  du'/d»,  and  a  twisting 
moment  A f,  tending  when  positive  to  increase  ai.  Appropriate  equations  of  equilibrium  are  de¬ 
veloped  on  page  34  of  Appendix  D.  It  is  found  that  the  displacements  u'+  and  cj  cause  no 
tendency  toward  radial  displacement,  so  that  the  tripping  otion  of  the  flange,  like  that  of  the 
web,  is  independent  of  deformations  in  a  plane  perpendicular  to  the  axis  of  the  cylinder. 

For  the  case  that  all  variables  are  proportional  to  coa  {nt/Rfi,  where  a  is  an  integer 
and  R(  is  the  radius  of  the  centroidal  circle  of  the  flange  (or,  nearly  enough,  the  same  as  Rf 
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previously  defined),  it.  is  found  (hat  (for  inside  rings) 
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w,h«»  lt  in  the  areal  moment  of  inertia  of  the  flange  crons  section  about  a  raiiinl  axis  through 
its  centroid  and  Jj  is  the  torsional  rigidity  of  the  flange  divided  by  E.  Far  a  narrow  rectangular 
cross  section  of  width  bf  and  thickness 


-  b/t, 

12  >  I 


Ml 


— . . .  ut.i. 

0(1  ♦  id  ft 


(27a,  b) 


Jt  wi  ll  be  noted  that  necessarily  ^ '  -  0  w  hen  n  -  0. 

The  formulas  found  i  n  Appendix  I)  for  tf.  an  I  for  (if.)  in  the  sinusoidal  case  may 

also  be  of  use: 


[28a| 


[28b] 

The  unusual  form  of  the  latter  equation  is  occasioned  by  the  fact  that  Q\  W',  u ', 
®»d  <u  may  all  be  assumed  to  vary  in  the  same  phase  as  cos  (ai,'J!>)  but  W(  must  then  vary  as 
sin  (n»/Rf );  however,  Equation  [28b|  must  hold  for  the  maximum  values  as  indicated. 

As  a  check,  it  may  be  noted  that  Equations  (251  through  (28a,  b]  are  all  satisfied  if 

Kf  -  V ' "  W '  -  *(,  -  if,  -  0  n  -  1  u '  -  -  R. 

This  is  simply  a  free  rigid  rotation  about  an  axis  lying;  in  the  plane  of  the  ring. 

For  out  tide  rings,  the  only  change  required  in  Equations  (28)  through  (28a,  b|  is  to 
replace  Rj  by  ~/f^  (A,2  being  thus  unaffected). 

DEFORMATION  OF  ENTIRE  RING 

Equations  for  the  entire  T-ring  in  the  case  considered  in  this  report  can  now  be  ob¬ 
tained  by  setting  w,J  -  «„  and  equating  the  web  expressions  for  Q' and  M'lo  the  flange  ex¬ 
pressions  for  the  same  quantities.  For  a  simple  initial  till  in  n  waves  as  defined  by 
Equation  (15] 
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Vith  this  assumption,  addition  uf  U>ll  to  [25]  ami  of  [22a]  to  lSM»)  gives  the  two  ^aliens  (fa 
inside  rings) 
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Here,  according  to  (2b I,  Kf  -  (I  - «)  *  E  0 . 

\  shortened  notation,  however,  is  more  convenient  in  using  these  equations.  Writ*" 
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Here  F,  IV,  g,  r,  H ,  nre  all  to  be  taken  positive.  The  quantities  F  and  II  may  be  regarded  as 
stiffness  parameters  of  flange  and  web,  respectively,  each  depending  on  the  dimensions  only 
of  the  relevant  element;  g  is  their  effective  ratio.  Similarly,  r  is  the  ratio  of  twisting  to  bond¬ 
ing  stiffness  of  the  flange.  Then  Equations  1 30a,  b|  can  In*  written,  after  substituting  for  Kf 
from  [2bl  and  returning  to  ti'as  in  1 2ft]: 
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I82bl 


Ear  outside  rings,  L„,  Kf,  F,  and  flf  are  to  be  replaced  by  -i0,  -  ~  *’•  <‘"li 

respectively,  in  Equations  (30a,  b|  and  [32a,  b).  Also,  in  calculating  the  A’s  from  Formulas 

|24l,  Equations  [14d,  el  are  to  bo  used  for  e  and  t, 

Equations  [32a,  b]  can  be  used  to  find  the  deformation  of  the  ring  when  L0  and  an 
initial  slope  $  proportional  to  cos  (a »/R)  are  given.  Then  the  moments  in  the  web,  «„  at  the 
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to#  and  W '  and  M[  at  the  flange,  can  be  fount  by  solving  Equations  [12a,  bj  for  i'  an  I  «s  and 
substituting  then#  values  in  Equation*  [22a,  bl  and  [281,  The  bending  moment  in  the  flange 
can  be  found  by  substituting  in  Equation  [28).  If  6c  is  assigned  ita  maximum  value  (when  cos 
(n*  #)■  *!•  the  maximum  values  or  amplitudes  of  the  moments  are  obtained.  Algebraic  formulas 
could  be  written  out,  but  for  the  case  *>0  it  seems  better  to  convert  Equations  [82a,  b]  to 
numerical  form  and  then  proceed  numerically. 

Art *ymm fine  cate.  If  a  «  0  and  if  L0  is  no  larger  than  it  usually  is  in  practice,  say 

'-o . 14  *  "'""P1*  appro* i rente  forrrulas  can  be  obtained.  The  contributions  of  LQ  to  the  *’*,  which 

represents  nonlinear  effects,  is  then  so  snail  that  it  can  be  neglected  except  perhaps  in  the  r 
and  ,  terms  in  Then  *u  -  6,  *„  ■■  I,  *3|  -  6,  *J2  -  2,  *,  -  1  2,  *2  -  -  1  12.  Write 


•■•frr) 


Then  it  is  found  by  solving  Equations  (82a,  bl  that 


,  1  1  +  (,  2  \  a  1  /-o 

fi|2(l  i  p  -  ryp)  \  3  /  l.J  q 


w)\  8  /  :„J 

/  2  \  tja 

-  l--«  fe- 

■  ng)  \  8  /  It 


2(1  ♦  ?  ~  nt i)\  8  /  It 

after  dropping  a  small  term  or**.  [C(»  ♦  4g)]  that  occurs  added  to  L  -  2«/3  in  both  a 'and  cw, 
and ,  approx  in  atelv, 


W  '  »  -  - - (1  -  —a)  6cL .. 

2(1  *  p-np)\  8  /  0 

3  *  2p  /  2  \  a~ 

1  ..  - - — -  ]  _  _  a,”  0cL 

u  2(1  +  p  -  np)  \  3/6  0 


Here  p  is  commonly  not  far  from  unity;  g  -  0  corresponds  to  a  rigid  flange,  and  p  -  « 
corresponds  to  no  flange  at  all. 

fammwm  ttre§»g$  in  web  and  flange  can  be  estimated  in  the  usual  way  from  the 
moments.  The  compressive  membrane  stress  in  the  web  in  the  circvmftnnHal  direction  is 
°t  "  *  !'  *«,  '*  to  sufficient  accuracy.  In  comparison  with  this,  circumferential 

bending  stresses  in  the  web  due  to  wave  formation  by  bending  may  be  neglected.  The 


corresponding  component  of  radial  stress  in  the  ef  decreases  from  L0/tm  at  the  ahell  to 
(I  -«)/,(,  tm  at  the  flange,  being  coaipraaaive  in  an  inside  ring  but  tensile  in  an  outside  ring. 
The  maximum  radial  bending  stress  «(  will  pree  untidy  occur  at  one  edge  of  the  web  and  can 
be  estimated  as 


°h 


135] 


where  |W(it]I  j  is  the  larger  of  |  V'jOr  |  V0]  as  given  by  [22a,  b]„ 

The  most  critical  side  of  the  web  is  that  on  which  the  radial  bending  stress  is  tensile 
and  thus  oppoeite  in  sign  to  the  compressive  stress  oc.  On  this  side  of  the  web  of  an  msidt 
ring,  the  principal  stresses,  defined  with  tension  positive,  are 


al  ”  o'*  “  a,  °2  m  ~  oe  -  0 

Here  efc,  af,  and  a  all  have  positive  values.  Substitution  in  the  Henrky-Von  Mises  yield 
criterion  of  (a,  -  Oj)J  +  (o2  -  a3>2  +  (oj  -  oq)1  «  2<ry1 ,  oy  being  the  ordinary  yield  stress, 
then  gives  as  the  criterion  of  incipient  yielding  in  an  inside  ring 

-  e,)1  +  ae  (<ti  -  ar)  ♦  e*  -  ISflaJ 

or,  if  a  is  dropped  because  of  its  relatively  small  magnitude, 

°l  +  °c  *  °b°c  “  °y  1 3 fib] 

If  oj,  -  oc ,  it  is  necessary  only  that  ch  ■■  0.56 oy  fat  yielding  to  occur. 

In  an  outside  ring,  - or  is  replaced  by  +  of  in  these  equations;  there  is  no  other  change. 
The  maximum  stress  in  the  flange  in  simply 


V-o 


1371 


whore  bj  is  the  (axial)  width  of  the  flange,  Aj  its  cross-sectional  area,  and  Mh  "an  be  calcu¬ 
lated  from  [28]. 


LATERAL  BUCKLING  OF  PERFECT  RING 

The  critical  load  for  lateral  buckling  of  an  ideal  T-ring  can  be  estimated  as  the  value 
of  Lq  that  is  obtained  by  setting  0  -  0  in  Equations  (32a,  b),  whereupon  the  equations  become 
homogeneous  in  u'  and  <?*>,  and  then  equating  the  determinant  of  the  coefficients  to  zero.  The 
general  relationship!  are  best  exhibited  if  the  resulting  equation  for  L0  is  written  as  follows: 
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■u 

L  ^ 


■  ♦  *■ 


■ii 


*  !l(l  t  t )*„♦  ^Ifi2  +  r ) * 


'll 


) 


FW 


*  «2(l»2  -  I)1  Tf 1 


n2  IV  4  (1  ♦  n2r)  F  (1  -  a)L0  -  0  [Mil 


here  -  occurs  in  thi«  equation,  the  upper  sign  in  to  be  taken  for  inside  rings  and  the  tower 
">» an  for  "Him  le  ring-,  other  terms  being  the  same  for  both  except  for  difference*  ir  the  value* 
«'»f  the  k'».  All  letters  stand  for  positive  quantities  (except  possibly  *t),  *u,  or  *2J). 

The  IV2  term  in  Equation  [SR]  represents  direct  resistance  to  buckling  of  the  web  itself; 
tnl  the  f2  term,  direct  resistance  of  the  flange.  The  f'H  term  represents  additional  buckling 
resistance  due  to  incompatibility  between  the  preference  of  the  web  for  ninny  waves  and  the 
preference  of  the  flange  for  very  few  waves.  The  L„  term,  finally,  represents  the  contribu¬ 
tion  to  buckling  by  the  flange  thrust  K,.  The  corresponding  effect  of  the  web  thrust  A',  is 
included  in  the  dr's. 

Since  the  load  l,Q  < k  curs  implicitly  in  the  dr’s  as  well  as  explicitly  in  the  last  term  of 
T.  qua  t  ion  [3H|,  this  equation  can  be  solve  I  for  /,,,  only  by  successive  approximation.  Fortun- 
I y  this  [irocedufc  is  facilitated  hy  the  facts  that  V(l  varies  much  more  rapidly  with  /,(||  than 
in  dr,2  and  k and  the  become  relatively  less  important  when  n  is  largo.  For  purposes 
of  computation,  it  appears  to  be  convenient  to  write  Equation  [38 1  in  the  form  (dividing  through 
by  n2iVF)\ 


L. 


(1  -  o)  (l  *  p  kJ2  *  n2r)- 


^22  *^12^  +  ^ 


i  u 


"J  J„ 


ft,  11 


-  2(1  i  v)  E|2  *  in2  t  i  (n2  -  l)2  —  H ^  [311] 

Were  p  »  HM’i  F  and  is  always  positn «. 

Three  special  cases  deserve  comment. 

1.  Axi  symmetric  Buckling.  For  n  «  0,  Equation  [38)  reduces  to 

U„  *-22  -  kn2)  p  <  »  0  [40a] 

Thus  in  this  case  buckling  results  solely  from  variation  of  the  it’s  with  increasing  load. 

Insertion  of  Formulas  [24]  for  the  dr’s  ami  use  of  [14a,  b]  for  t  and  t  give  the  following 
equation,  which  is  easily  solved  for  L0,  representing  the  critical  radial  load  for  a* (symmetric 
buckling  of  an  inner  ring; 
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[V2 


caL, 


.!>.*«  +  -  (1.2 
P 


0.6  <•) 


■»  c 

. P . 


+  (0.15  -  0.2  «  ♦  C.96«2) 


Value*  of  L0  obtained  from  this  formula  agree  well  with  thoee  obtained  from  the  formulae 
given  in  Reference  1. 

2.  Ueb  with  No  Flange,  If  the  flange  is  ommitted,  then  e>  1  and  F  ■■  0  and 

Equation  138]  become  a  simply 

*11*32  “*122 -°  (41) 


The  well  ia  now  comparable  with  the  dampod-free  plate  under  longitudinal  compression 
that  •«  treated  on  page  341  of  Reference  5.  If  in  the  differential  liquation  I  HI]  0  is  set  equal 
to  0  (for  the  buckling  case)  and  a  equal  to  1,  am)  if  the  L0  terms  in  the  formulas  for  e  and  * 

are  dropped  (to  be  Justified  later),  the  equation  becomes 


r)4u  ,  ?  ii2U  j  ,  .  3  c  ^  0 

- 2 - ,  n4p4  -  n2f]  - 

>)y4  iiy2  \  ^ 


u  =  0 


This  is  of  the  same  form  as  Equation  |c|  on  page  338  of  Reference  5.  Since,  however,  the  free 
boundary  in  this  case  occurs  at  g  »  1,  b  must  be  set  equal  to  1  in  Reference  r».  Then  the  solu¬ 
tion  for  buckling  under  minimum  load,  as  inferred  from  Figure  178  and  Equation  [j]  of  Refer¬ 
ence  5,  becomes,  in  our  notation, 


n2il2  »  3.69 


2  c2L0  “NX  mV” 

n2fi  - - -  -  18.1 

U  D  f|2 


On  the  other  hand,  if  Equation  (41]  is  solved  for  LQ  using 


e  -  ~2n2ft 2  g  »  n2(Ur2L  0/l>)  -  n4fl4 

ami  then  n2'i2  is  chosen  so  as  to  make  L  ()  a  minimum,  the  result  is 

c3/-(, 

n2fl2~3.90  n2li  -  =.«!.» 

D 

The  rough  agreement  between  these  values  of  ri2/12  and  of  the  /. (J  term  with  the  exact,  values 
as  inferred  from  Reference  5  may  ho  regarded  as  encouraging,  since  here  e  »  -7.8, 
g  -  61,6  -  15.2  »  46.4,  whereas  je|  <5  and  jy|<lC  have  bran  (iropoaed  an  reasonable  limile 
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f«  ii»  dint  of  me  »p§tfo»i»i#4*  farwtnl**  for  th«  4r*a. 

Thffi  values  of  »2<9I  ml  of  n*ft c*L0/0  **  inferred  from  Reference  5  give  (ca/,0.  If) 

-  19. 10.  Sinew  usually  /I <0.1,  this  make*  the  term  that  »«  dropped  In  e  less  than  1.9  and 
*o  fairly  small  relative  to  -n*fi2  or  -7.8.  The  web  the*  eppriwinatea  in  buckling  fairly  well 
to  a  straight  atrip  under  longitudinal  eoaipreaaioa  (as  ia  intuitively  obvious).  A  rough  estimate 
of  the  minimum  huekitnff  load  L0  m  the  web  without  flange  and  of  the  associated  value  of  n 
may  thus  be  made  from  the  equations 


L  .  »  18 . 1  8  • 


1.92 


a  • 


[42a,  L] 


3.  Flange  Alone  (under  Uniform  Radial  Load).  When  the  web  is  absent,  so  that 
a  *  0,  then  V  -  0  and  Equation  [38]  gives,  for  »>  1, 


L 


am 


(ft1  -  1)JT 

l  ♦  »Jv  R* 


[43] 


L  represents  here  the  radial  load  per  unit  length  that  is  required  for  lateral  buckling 

(without  radial  displacement)  on  the  assumption  that  the  applied  load  remains  exactly  paral¬ 
lel  to  the  initial  plane  during  buckling.  Lll(l  increases  rapidly  with  increasing  n. 

The  minimum  value  of  L nn,  for  a  -  2,  is  relatively  low.  For  the  stiffener  flange  without 
web  on  an  SS  212-Class  submarine  Lon  is  only  5.7  lb  in.  By  contrast,  as  estimated  from 
Equation  |42u),  something  like  3(100  Ih  in.  of  radial  load  would  be  required  to  buckle  the  web 
without  the  flange.  Thus,  in  this  case,  the  flange  badly  needs  the  web,  but  the  web  could 
dispense  with  the  flange  entirely.  (For  the  SS  212  stiffener,  R  -  96  in.,  Nj  -  101  in., 
c  .  ft.O  in.,  tw  ■■  0.343  in.,  ft  -  0.052,  0  -  1.11  *  10*,  bf-  3.44  in.,  tf  -  3/M  in.,  If  1.273,  and 
r  -  0.0182.) 


AN  EXAMPLE 

To  illustrate  the  use  of  the  formulas,  calculations  were  made  for  the  inside  ring  that 
is  described  on  page  17  of  Reference  1.  The  value  of  LQ,  the  load  per  inch  on  the  toe  of  the 
web,  is  represented  there  by  BF.  The  relevant  parameters  for  this  case  are,  in  the  present 
notation  ami  in  terms  of  pounds  and  inches, 


a  . 0.414 

K  ®  41.7  in. 

B  ,"m  c  R  m  0.0525 
n  -  3500 
T  .  0.0123* 

8  »  U/c2  ”  114  9 
p  ■  0.927 


•Inadvertantly,  th*  value  T-  <X0m  »«  ueed  »n  celeulattn*. 


c  «  2.19  i  n . . 

R,  »  39.4  in. 

(i  .  .I.  c/R ,  *  0.0556 
/  -  0.1405 
J  -  0.001757 
V  «  68.9 
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(a)  Bending  Moment*  Dm  to  m  initial  Load.  In  Rcfuraace  1,  calculations  w«t  made 
for  radial  load  L0  on  th*  rinj;  of  8(3  lb/ in.  and  with  th..  wtb  tilted  uniformly  by  3  dog.  The 
momi  conditions  were  asuumed  for  the  perm  on  t  calculations,  tho  maximum  tilt  being  3  deg 
when  «i>0.  Thu*,  for  maximum  condition*,  $  -  0.OS94  radian*  and  W.,  -  41.6.  For  it  »  0, 
Equations  [83]  and  [84]  where  used;  for  n>0,  Equation*  [32a,  b]  were  simplified  by  dropping 
r  where  it  is  simply  added  to  1  or  n2  and  then  solving  these  equations  for  u'  and  cw  and 
substituting  in  (22a,  b]  or  [23]  to  find  the  moments  AT'  (denoted  by  Md  in  Reference  1),  V„, 
and  perhaps  K'.  The  highly  variable  constant  k  u  was  calculated  in  detail;  fat  the  other  k'n 
tho  following  formulas  were  used: 

kn  -  6  +  0.00083  n3;  *„  -  4 

fcjj  *  6;  it jj  ■  2;  ■  0.5  -0.0184*3 

k2  -~~(1  ♦  0.0815a3);  *s  -  ---(l  +  0.021a3) 

12  1 2 

The  calculated  values  obtained  for  the  moments  in  the  web  were  as  follows,  certain  values 
obtained  in  Reference  1  from  the  “second  approximation”  being  added  in  parentheses: 


n 

r  ° 

1  10 

[  «'  ] 

24 

\ 

W’ 

-  8.3(-9.07 ) 

-21.4 

-15.7 

3.8 

% 

28.7(75.6) 

29.7 

30.2 

73.8 

K 

1  i 

-7.1 

6.1 

The  nonlinear  effect  on  W0,  when  «  -  0,  is  about  +6  percent. 

These  results  invite  the  tentative  conclusion  that,  for  engineering  purposes,  it  will 
probably  suffice  to  calculate  moments  in  the  web  by  the  simple  formulas  that  hold  w  hen  n  -  0, 
using  either  Equations  [33!  and  (341  of  the  present  report  or  the  formulas  in  Reference  1.  The 
associated  stresses  are  discussed  in  Reference  1  for  the  case  a  -  0.  Their  maximum  values 
will  differ  so  little  for  the  othor  values  of  n  that  it  was  not  thought  worthwhile  to  compute  them. 

It  may  be  of  interest  to  note  that,  if  the  flange  is  removed,  W0  decreases  from  28.7  to 
21.7  when  n  -  0  but  increases  from  30  to  223  when  it  •  16.  Thus,  regarded  as  a  means  of 
minimising  the  magnitude  of  M0  due  to  initial  tilt,  the  flange  is  worse  than  useless  when 
n  -  0  but  is  very  helpful,  as  would  be  expected,  when  n  is  so  large  that  the  circumferential 
thrust  becomes  important. 

(b)  Buckling.  In  a  perfect  ring  of  the  usual  proportions,  failure  by  yield  occurs  long 
before  there  is  any  semblance  of  an  approach  to  lateral  elastic  buckling.  Nevertheless  the 
theoretical  interest  of  the  buckling  phenomenon  in  a  T-ring  was  considered  sufficient  to 
justify  a  few  calculations,  in  spite  of  their  more  tedious  nature.  The  appropriate  buckling 
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equation  «m  solved  by  trial,  Equations  {40aJ  far  n  -  0,  anti  Equation  (III  for  *>0.  To 
illwiUito  the  difference  between  an  iaaida  and  an  outside  ring,  calculation*  warn  mad*  also 
for  a  ring  of  tha  same  cross-sectional  characlerintics  placed  outs  id*  of  a  cylinder  of  the  same 
radius  {fif  then  changing  from  110.4  in.  to  44  in.). 

Tli*  buckling  loads  thus  found  were  an  follows: 


Intuit  ring: 


a  »  0 


10 


Outside  ring: 


W 


5.8 


n  -  fl 


5.6 

B 


5.8 


10 


8.3 


12 


8.0 


10.3 


6.4 


6.8 


8.6 


More  W  -  1.15  *  10*  Ib/in.  Evidently  the  inside  ring  prefers  to  buckle  with  n  -  2  or  3,  the 
outside  one  with  n  equal  to  about  9,  but  the  minimum  buckling  loads  are  not  much  different. 
For  the  inside  ring,  the  minimum  buckling  load  is  about  the  same  as  that  calculated  for  a  -  0, 
a  cast*  that  is  more  readily  treated  by  the  method  of  Reference  1. 
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APPEMCHX  a 

STRESSES  IN  A  PERFECT  T-fMIW 


Equation*  lie,  ill  can  bn  didictd  from  certain  equation*  in  'tefererce  |,  For  the  radial 
sires*  of  and  the  radial  displacement  «  (inward)  in  the  web,  Equation  [Ml  on  page  5!)  and 
Equation  1531  on  page  «7  of  Reference  6  «ive,  after  substituting  U  ft  K  ■■  0  and  u  -  w, 

A  ,  ,  A 

a, . —  ♦  1IC  Em,  •  -(1  *  i')—  *  l!(i  -  »')  t'r 

r1  r 

Denote  by  ero  ,  orf  the  values  of  or  at  r  -  R  and  r  »  ttf,  rospoclivel).  At  . .  Hft  v  is  also  the 

inward1  displacement  of  the  flange  and  evokes  in  it  a  circumferential  compressive  strain  tc/ftj 
and  an  associated  thrust  *  E  A  jit/ ft  ^  Thus  we  have  tlwi  three  equations 


4 

<7  - - +  2C 

ro  R* 


V 


V 


+  2  C 


V/ 

A I 


Eu  -  (1  .  e) - .  2(1  -  i  )Ctt : 

,{l 


From  these  three  equations,  A  and  V  can  be  eliminated .  Introduce  also,  for  an  inside 
ring,  Hf  •  R  -  c,  and,  from  [2b  J  Kf  -  (1  -a)Rfl.Q  .  (1  -  a  )Rfru  o,(I ,  tu  being  the  web  thick. 

ness,  and,  from  the  definition  of  a,  tu  aff  »  (l  -«)£.„  •  (I  -  'i)/|(laro  .  also  cfu  ■  4  ,  the 
cross-sectional  area  of  the  web.  Then  it  is  found  that 

in  -  c)  -  c)  Au  -  (1  -  id  (2 H  -  c)cAf 

(It  -  c)  (2f{  -  c)  Au  .  [HI2  -  (1  -  v)  (21!  -  r)r|4, 

\fter  dividing  out  the  coefficient  of  ltj  .  expanding  in  powers  of  r/lf  in  numerator  an  1  denom¬ 
inator  separately,  and  keeping  only  the  iirst  power  of  c/U ,  t  is  found  (hat  approximately 


Th  is  can  be  written  in  the  form  expressed  by  Equations  [it,  1|  in  the  present  report.  For  an 
outside  ring,  it  is  only  necessary  to  change  the  sign  of  r  throughout. 
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APPENDIX  a 

RELATIVE  STIFFNESS  OP  SWELL 

In  tripping,  «  stiffening  ring  will  usually  exert  a  moment  on  the  shell  tending  to  bund 
it  around  a  transverse  circumference.  To  judge  whether  tiuch  yielding  of  tl he  shell  makes  it 
unreasonable  to  imsuim,  ns  an, approximation,  fixity  of  the  web  at  the  shell,  a*  ham  Ite on  done 
in  thin  report,  the  stiffness  of  the  shall  against  such  banding  should  be  eon  pared  with  the 
stiffness  of  the  ring  for  similar  banding.  Since,  however,  this  comparison  would  require  a 
cons  idem  bin  inv  Mitigation,  similar  comparisons  will  be  made  hire,  first  with  the  stiffness  of 
the  web  alone  for  handing  relative  to  the  flange  by  distributed  moment*  applied  to  its  toe  and 
then  with  the  stiffness  of  th#  flange  for  similar  bending  by  moment*  applied  along  its  length. 

The  axisymnietric  case  of  bending  of  a  long  cylinder  by  a  moment  WQ  per  unit  length 
applied  along  an  interior  transverse  circumference  can  be  inferred  from:  Equations  [236]  on  page 
3».1  of  Reference  *.  Here  *  denotes  longitudinal  distance  along  the  cylinder.  Put  »  »  0,  and 
also  u  *  I.)  in  the  first  of  these  equations,  ami  then  eliminate  between  the  first  two 
equations;  also  substitute  W0/2  for  “tf0”  in  the  equations,  since  our  cylinder  is  equivalent 
to  two  half  cylinders  connected  together.  The  stiffness  of  the  cylindrical  shell  5  .  defined 
n.,Hi  moment  ;<or  unit,  of  circumferential  length  over  slope  of  generator  produced  is  thus  found  to 
be,  when  n  -  0, 
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[44] 


The  general  case  »>0  is  rather  complicated.  For  our  purpose  it  may  be  adequate  to 
note  that,  for  large  n,  the  cylinder  will  bend  nearly  like  a  flat  plate,  for  which  the  differential 
equation  for  normal  deflection  u  may  be  written 

dV  d*w  d*u 

-  ♦  i  — - - -  - - o 

dr4  dx2da2  da* 

or,  for  variation  of  u  as  cos(a#//f), 


d4tr  nJ  d2v  a4 

- 2 - ♦  —  tr  •  0 

dx*  ft 2  dx2  R 4 


145] 


A  solution  of  this  equation  that  may  represent  bending  by  distributed  couples  *fQ  com  (n»/R) 
applied  along  a  line  at  *  »  0,  is,  if  V  is  written  temporarily  far  cos  (a* . . 
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Since  the  bending  moment  per  unit  of  «>  length  i« 
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there  is  »  discontinuity  in  M  at  *  *  0  of  the  magnitude 
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Till#  MttMl  value  dr  &,h  will  be  pNdr  than  dial  calculate;!  from  either  (44 1  or  [4«1. 

Per  a  minimum  estimate  of  Sgi  ,  therefor#,  the  a  mailer  of  the  two  values  of  $„*  |lw» 
by  (4411  and  14*1  may  be  need  in  any  given  case. 

For  comparison  between  the  shell  and  the  web  of  the  stiffener,  It  may  be  noted  that  this 
Htiffnow  of  Hi*  web,  treated  aa  if  it  were  a  straight  atrip,  when  it  in  damped  at  the  flange  and 
bent  by  couples  h0  par  unit  length  diatribatodl  uniformly  around  the  tot,  in  found  by  elementary 
revwtning  to  be  (when  n  «■  0> 
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e  being  tie  radial  depth  of  the  web  aid  tw  its  th ickness.  If,  on  the  other  hand,  the  applied 
couple#  vary  an  con (»«/#),  Sw  increases  with  a  but  slowly  at  first;  if  the  wave*  become  of 
leuith  ie<n  -  »#/»<>),  Sw  is  Increased  in  the  ratio  I.8T.  Thin  number  was  'Obtained  by  ntedyiag 
the  following  solution  of  Equation  [48]  with  m/R  re  pi  need  by  f: 

u  ...  (?,  q»  sinh(fj)  *  C  cosh  q*  -  ainh  q») 


To  obtain  a  corresponding  formula  for  the  flange,  we  may  assume  u  «*  0  in  the  flange 
form u las,  as  was  assumed  for  the  shell.  Then  Equation  [26 1  gives  for  the  rotational  stiffness 
of  the  flange 
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Comparison  of  the##  formulas  leads,  after  alight  simplification,  to  the  conclusion  that 


If,  A  3 

>  fi3 - — 

It  +  »lJf 


[Ifla,  b] 


where  II  j  is  the  greater  of  8  >/ R/h  or  2s  and  8j  the  greater  of  0.5  >//?•' X  or  ft/ 8.  In  general, 
the  ratio  S  k/S  should  be  satisfactorily  largo  to  justify  the  assumption  of  fixity  at  the  shell. 

If  ft  Mil 

However,  if  Stk/Sf>  S$k/Sw,  a  smaller  value  of  as  given  by  (49a)  is  acceptable,  sinoe 

then  the  flexibility  of  the  ring  as  a  whole  ia  considerably  reduced  by  flexibility  of  the  flange. 
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APPENDIX  C 

approximate  ANALYSIS  OP  W€B  as  straight  ••late 

Further  Jetaila  of  the  treataent  of  the  web  will  bo  given  here.  The  rewier  "111  be 

assumed  to  have  read  the  discussion  of  the  w#b  preceding  Equation  HI;  lb#  RttetlM  ii  Mlu»- 
trnled  again,  for  nn  ins  id*  ring,  in  Figure  4a. 

The  usual  formubn  for  the  three  moments  previously  defined  ere 


/dJu  „/**#  d2*.  \ 

\erJ  dr1/  ver1  dr1  / 
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d?u 
dr  at 
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I)  «• 


12(1  -  v1) 


Here  t  is  the  thickness  of  the  web. 

Since  the  shear  forces  Qg  and  Qt  are  assumed  always  to  be  per  pend  ictialr  to  the 
reference  plane  an  I  l.  and  A',  always  parallel  to  it,  radial  translational  equilibrium  of  the 
element r  requires  no  consideration.  Translational  equilibrium  of  a  dedt  element  of  the  web 
in  the  u-direction,  and  its  rotational  equilibrium  about  axes  parallel  to  a  and  *,  respectively, 
require  that 


j  /  dtftJv  S 

d t  |  dr - |  ♦  dr  (dr  — — )  ♦  dr<V,d»)  ♦  <A',df>dr  — <u  ♦  uQ)  -  0 

\  da  /  \  *»  /  •” 

Here  the  (Ld$)  term  arises  from  the  fact  that  the  opposing  L  and  L  *  dL  forces  cm  the  da  sides 
of  the  element  act  along  lines  spaced  dr  — ■  (u  ♦  u„)  apart  and  so  exert  n  turning  moment;  see 

Figure  4b.  The  A’ ,  term  arises  in  a  similar  way.  Hence,  dividing  by  da  da,  we  have  as  the 
three  equations  of  equilibrium  for  an  element  of  the  web: 

«?<?,  *Q, 

—  + . . —  »  o 

da 


da 


- - ,  0  +  L  — -  (ti  +  u0)  *>  0 

da  *  <ia  0 


25 


ItWHWHIHWl  liWHMWKift  . . HIM . -it.* . * . . . 'mu 


I  tlt"l  ■«+*«!  htPl'illi  •■IHtliM#1 


. . .  |i|  * ,  ^  RH"  . . »  W  ii'lhWW'rt*  |i>,ii"li|!||,ii  l"|iii'iNii|i'i|ii|Mi|iiiliiiliiii'l  . . . . I . I"! . .  '1 M 1 1 1 


rir»*»  *• 


*i.rv  ^ 


F(«ir>  *b 


Figure  4  -  Force*  end  Moment*  Acting  in  Web 
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From  these  three  equations,  a  single  equation  fire*  of  Qt  and  Q$  i*  emsily  obtained; 

„ni  aubetitution  in  this  equation  of  the  expression*  previously  quoted  for  the  J T»  then  give* 

the  differnntinl  equation  written  In  the  teat  aa  Equation  HI. 

Substitution  for  Qt  and  Mt,  In  the  defining  equation  for  Q'alao  give*  Equation  [5];  and 
the  ex  press  ions  ft*  #,  at  a  -  c  and  at  a  -  0  (where  u  -  0)  were  copied  M  Equation*  [•]  and 

HI. 

(The  main  text  should  now  be  rear!  from  Equation  (4l  through  the  paragraph  containing 
Equation  (20|.) 

The  serins  written  in  Equation  [20]  was  obtained  by  substituting  a  series  for  «  in 
Equation  [IS)  and  balancing  coefficients  of  each  power  of  y  in  the  usual  way.  It  turns  out 
that  the  coefficients  of  y2  and  y1  remain  arbitrary,  so  that  the  nudes  can,  bo  written  in  the 
form  shown  in  Equation  1201.  The  coefficients  of  the  power  of  y  a*  far  a#  they  are  shown  are 
easily  seen  to  Is#  uniquely  determined. 

By  differentiating  thin  aeries  three  time*  and  then  setting  jr  •  1»  the  following  expres¬ 
sions  are  obtained  for  *  aH  it*  derivative*  at  y  -  1: 
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where  £, ' . .  0* - ,  It  in  in  Iso  useful  to  not#  that 
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J  and  B  were  then  eliminated  from  the  four  equations  containing  them,  and  all  fractions 


thereby  introduced  were  expanded!  in  powers  and  product*  of  e,  «,  and  g.  Only  «,  «, 


g,  *rJ 


and  «<  were  retained,  however,  since  higher  powers  or  products  would  be  furnished  also  by 
the  omitted  higher  powers  of  y  in  the  series  for  u,  whose  coefficients  remain  unknown.  Fur¬ 


thermore,  in  the  final  expression*  for  dJ«  %2  and  d5u  my3.  certain  terms  in  eJ,  n ,  or  g  had 


coefficients  less  than  1/400  as  large  as  the  leading  numeric  to  which  they  were  added,  or,  in 
terms  containing  L0  less  than  1/100  as  large,  and  most  of  such  terms  were  dropped. 

The  result  was  the  following  approximate  equations,  in  which  a  subscript  1  distingrihes 
values  at  y  «  1  and  a  subscript  0  value*  at  y  «  0: 
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Substitution  of  Ih*  first  two  of  theae  eq uations  for  d2«/t)|r2  and  dJu/«tyJ  in  Eq untie**  111]  snd 
(1M«1  give*  Equations  (21]  and  [22a]  for  the  relations  at  y  «■  i.  (In  the  as  equations,  s' tod  «> 
effectively  repines  A  snd  ft  as  the  remaining  unknown  constants.)  Finally,  substitution  of  the 
series  found  for  id2u/<Jy2),,  in  Equation  !lHb|  dives  Equation  [22b]  ami  Equation  1 19]  bee  one  a 
Equation  1231.  (Heading  of  the  teat  hr* low  Equation  [2.1]  may  now  be  resume  t.) 


FORMULAS  FOR  SIMPLE  SUPPORT  AT  *  -  0 

If  simple  aup|Kirt  is  assumed  to  occur  whore  the  web  joins  the  shell,  so  that 
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then  the  series  for  u  is  found  to  be,  through  y ' : 
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In  thin  ease  the  series  was  terminated  after  terms  linear  in  r,  «,  and  y.  It  was  then  found  that 
the  constants  in  Equations  [21 1  and  [22]  are  us  follows: 
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ANALYSIS  Of  f  l.ArtSC 

f'l*  umi lyni*  r»|wr*'il  tor  tb*  (kagw  fa  a  alight  mortification  nf  that  gi*»n  tm  a  circalar 
atrip  ir  Sootia*  §4  uf  Kalaraaea  V  Pwtiiw  AirtinM  lot  tie  <1**11  Dtia*  dafiaad  ahaad  tf 
CgaalitMi  (Sit  i*  lliif  peasant  taport  am  *h«*  n  again  at  tba  lop  of  Ftgm**  B,  Aa  mmI«  an 
ring  « til  ha  tMilnr  cons  Her  ali«B  aaeafil  a*  Hiatal. 

Tit*  bending  MMMMt  in  tb*  flauf*  nrlaan  la  part  from  ills  cartatw*  la  a  ilifoation 
jmrpamiienlaf  to  It*  plan*,  of  magaitad#  /•'/A1,  u0'  not  contributing.  That*  i*  *!«•,  hoaravar, 
•  contribution  from  a  variaMa  rotation  «*.  Thin  rotation  ocean  aboat  ■  etreanfanaiial  **i»  bat, 
•I  «rwim  aaattaa*  A  and  H  mparaUN)  by  a  diifram  d*,  tba  obvarnfaraatial  taaa  a»  iwctli  mk!  to 
wieh  other  at  tba  angle  d§/R.;  »*#  Flgara  §.  Sine*  small  rotation*  can  lot  traatad  *»  vaatora, 
thin  rotation  *  *  tk»  al  B  can  bn  raaotvad  into  a  major  empamth  about  am  aula  paraUal  to  tl# 
axis  draw*  for  m  *1  *1.  end  a  minor  compoaaat  about  a  parpmadiciilar  axis  (aa'ia  Flgara  •)  «** 
magnitude  («  *  <f«u)  <i*/i tp  The  major  component,  in  combination  with  tba  rotation  at  A,  doa* 
not  band  tl*  ring.  The  perpendicular  component,  howavar,  aot  baiitg  matched  by  a  similar 


Figure  5  -  Force  Actions  or  Displacement*  for  Section  of  Flange 

Thau  dUamma  art  drawn  lor  an  inaida  ting, 
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rotation  at  I,  gives  to  1 1*  fin*  m  compon***  of  cutratere  in  ti*  *#<fii*ctiw»  «t 
•  {**  ■*  irnWUm,  TI**,  dropping  Aw, 


/  dV  <u  \ 
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whm  ti  deaotoi*  the  ureal  moment  of  inertia  of  to*  flange  croon  section  abmit  a  racial  *b 
(perpend icalar  to  the  eyliaJer  axis). 

Similarly,  the  cronn  eection  at  A  undergoes  a  rotation  . . da  . . wet  a  radial  Mb  tl«M# 

in  centroid,  but  (Hn  correapoeding  rotation  at  8  has,  boa  idea  a  major  component  about  an  nsi* 
parallel  to  the  radius  nt  A  which  can  produce  only  beading,  a  minor  compooeat  about  an  axis 
M' parallel  to  th*  circumferential  axis  at  A.  Tbia  ccmpoaeat,  being  uabalaaeod  by  a  iMhr 
rotation  at  A,  twists  the  flange.  Thu*  the  total  rale  J  twist  is 
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where  J,  is  the  torsional  rigidity  of  the  flange  (or  torsional  moment  divided  by  the  rale  of 
twist)  divided  by  £'. 

The  laws  of  static  equilibrium  may  now  be  brought  forward.  Translational  equilibrium 
perpendicular  to  the  initial  plane  of  the  ring  requires  that 
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There  is  a  turning  moment  on  the  da  section  about  a  radial  axis  of  magnitude  d¥b.  Another 
turning  component  arises  from  the  twisting  moment  Mt,  Couples,  like  rotation..!,  can  be  frosted 
as  vector#;  hence  they  are  represented  in  a  right-handed  manner  by  arrows  in  the  lower  part  of 
Figure  5.  u  jiS  clear  that  the  difference  in  direction  of  M,  at  the  two  ends  of  the  section  re¬ 
sults  in  a  net  turning  moment  of  magnitude  (to  the  first  order) 


da 


Another  turning  moment  about  the  *ad ius  is  Qd*  due  to  Q,  and  still  another  arises  from  the 
circumferential  thrust  ti  *  of  magnitude 
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fi»  *  similar  way  the  WndiMin  mm**  *»»'*»  rls*  to  *  Iwnsting  «<  ^intni  i|  da . . 

•ijdimg  id.  Ilia  both  M,  »»>  the  external  twisting  moment  -  ifV*.  *ii*til*g  th*  mm  to  0.  tmi 
dividing  by  4*. 


4  1 

—  w.  ♦  ~r 

d*  * 


t* '  -  0 


(Ml 


This**  equation*  c»n  now  be  mad#  to  yl«kt  rektiowe  botwee*,  Q*  and  V'a»  lib*  on*  hnxd 
mm!  11 '»  *»  on  th*  other.  To  *limid*to  (i,  differentiate  b|Mli*i  (53)  with  respect  to  *  and 

than  niibstltuto  OW  JQ/da  according  to  (82);  Urn*  sutoUtute  from  Equations  (30)  «nd  (ftlj 
far  lfA  «*d  Mt.  Th*  result*  are  th*  useful  formulas: 


For  then  s'.iusoldal  came  in  which 


those  equations  become  Equations  [25]  and  [2«]  in  the  tout.  Equation  ['0|  also  becomes 
Equation  (2HnJ.  The  equations  require  that  Q%  M\  and  Mh  be  in  phase  with  ti'and  w  around 
the  ring;  if,  however,  these  quantities  are  all  proportional  to  cos  n$/h\  Equation  (81)  makes 
II  [jroportionat  to  sin  na/R.  All  the  equations  of  this  report  hold  whether  the  sinusoidal 
symbols  including  derivatives  are  assumed  to  represent  values  at  some  given  *  or  maximum 
values  occurring  around  the  flange.  For  practical  use,  it  is  convenient  to  replace  Equation 
|5l!  in  the  sinusoidal  case  by  the  following  relation  between  maximum  values  cited  in  the 
text  as  Equation  [,28b  ]: 

fittJ  f 

(  V,)  - - 0**  +'  ft/Vf 

m  «  it  i>  2  3  fm  m  * 

11  j 

For  an  outaidt  ring,  retention  of  the  assumption  that  the  web  ties  above  the  flange  in 
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fci  h  . . tofty  mmm  «li«a»  ft*  wupita#,  Mmmm»  lt»  t.h*i 
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